The complete transposition graph is defined to be the graph whose vertices are the elements of the symmetric group S n , and two vertices α and β are adjacent in this graph iff there is some transposition (i, j) such that α = (i, j)β. Thus, the complete transposition graph is the Cayley graph Cay(S n , S) of the symmetric group generated by the set S of all transpositions. An open problem in the literature is to determine which Cayley graphs are normal. It was shown recently that the Cayley graph generated by 4 cyclically adjacent transpositions is not normal. In the present paper, it is proved that the complete transposition graph is not a normal Cayley graph, for all n ≥ 3. Furthermore, the automorphism group of the complete transposition graph is shown to equal Aut(Cay(S n , S))
Preliminaries
Whitney [11] investigated whether a graph T is uniquely determined by its line graph L(T ) and showed that the answer is in the affirmative for all connected graphs T on 5 or more vertices (this is because the only exceptions occur when T is K 3 or K 1,3 , which have fewer than 5 vertices). More specifically, two connected graphs on 5 or more vertices are isomorphic iff their line graphs are isomorphic. And if T is a connected graph that has 5 or more vertices, then every automorphism of the line graph L(T ) is induced by a unique automorphism of T , and the automorphism groups of T and of L(T ) are isomorphic: Theorem 2.1. (Whitney [11] ) Let T be a connected graph containing at least 5 vertices. Then the automorphism group of T and of its line graph L(T ) are isomorphic. [4] ) Let S be a set of transpositions in S n , and let T = T (S) denote the transposition graph of S. Then, Aut(S n , S) ∼ = Aut(T ).
Theorem 2.2. (Feng
Feng's result (Theorem 2.2) does not require that S generate S n , i.e. it holds even if the transposition graph of S is not connected. Theorem 2.3. (Suzuki [9, Chapter 3, Section 2] If n ≥ 2 and n = 6, then Aut(S n ) = Inn(S n ). If n = 6, then | Aut(S n ) : Inn(S n )| = 2, and every element in Aut(S n ) − Inn(S n ) maps a transposition to a product of three disjoint transpositions.
An equivalent condition for normality
Let S be a set of transpositions generating S n (n ≥ 5). Let X := Cay(S n , S) and let L e = L e (X) denote the set of automorphisms of X that fixes the identity vertex e and each of its neighbors. In this section an equivalent condition for normality of Cay(S n , S) is obtained: the Cayley graph Cay(S n , S) is normal iff L e = 1. It is not assumed in this section that S is the complete set of transpositions in S n .
Lemma 3.1. Let S be a set of transpositions generating S n . Let τ, κ ∈ S, τ = κ. Then, τ κ = κτ if and only if there is a unique 4-cycle in Cay(S n , S) containing e, τ and κ.
Proof : Suppose τ κ = κτ . Then τ and κ have disjoint support. Let ω be a common neighbor of the vertices τ and κ in the Cayley graph Cay(S n , S). By definition of the adjacency relation in the Cayley graph, there exist x, y ∈ S such that xτ = yκ = ω. Observe that xτ = yκ iff τ κ = xy. But since κ and τ have disjoint support, τ κ = xy iff τ = x and κ = y or τ = y and κ = x. Thus, ω is either the vertex e or the vertex τ κ. Hence, there exists a unique 4-cycle in Cay(S n , S) containing e, τ and κ, namely the cycle (e, τ, τ κ = κτ, κ, e).
To prove the converse, suppose τ κ = κτ . Then τ and κ have overlapping support; without loss of generality, take τ = (1, 2) and κ = (2, 3). We consider two cases, depending on whether (1, 3) ∈ S. First suppose (1, 3) / ∈ S. Let ω be a common neighbor of τ and κ. So ω = xτ = yκ for some x, y ∈ S. As before, xτ = yκ iff xy = τ κ = (1, 2)(2, 3) = (1, 3, 2). The only ways to decompose (1, 3, 2) as a product of two transpositions is as (1, 3, 2) = (1, 2)(2, 3) = (3, 2)(1, 3) = (1, 3)(1, 2). Since (1, 3) / ∈ S, we must have x = (1, 2) and y = (2, 3), whence ω = e. Thus, τ and κ have only one common neighbor, namely e. Therefore, there does not exist any 4-cycle in Cay(S n , S) containing e, τ and κ.
Now suppose ρ := (1, 3) ∈ S. Then S contains the three transpositions τ = (1, 2), κ = (2, 3) and ρ = (1, 3). The Cayley graph of the permutation group generated by these transpositions is the complete bipartite graph K 3,3 . Hence Cay(S n , S) contains as a subgraph the complete bipartite graph K 3,3 with bipartition {e, κτ, τ κ} and {τ, κ, ρ}. There are exactly two 4-cycles in Cay(S n , S) containing e, τ and κ, namely the 4-cycle through the vertex κτ and the 4-cycle through the vertex κτ . Thus, while there exists a 4-cycle in this case, it is not unique. Proposition 3.2. Let S be a set of transpositions generating S n . Then, every automorphism of S n that fixes S setwise, when restricted to S, is an automorphism of the line graph of the transposition graph of S.
Proof : Let g ∈ Aut(S n , S). Let τ, κ ∈ S, τ = κ. Since g is an automorphism of S n , it takes τ κ to (τ κ) g = τ g κ g . An automorphism of a group preserves the order of the elements, whence τ and κ have disjoint support if and only if τ g and κ g have disjoint support. Since g fixes S, τ g , κ g ∈ S. Thus, in the transposition graph of S, the edges τ and κ are incident to a common vertex if and only if the edges τ g and κ g are incident to a common vertex. In other words, g restricted to S is an automorphism of the line graph of the transposition graph of S.
Since Aut(S n , S) ⊆ G e , a stronger result than Proposition 3.2 is the following: Proposition 3.3. Let S be a set of transpositions generating S n , and let G := Aut(Cay(S n , S)). If g ∈ G e , then g restricted to S is an automorphism of the line graph of the transposition graph of S.
Proof : Let τ, κ ∈ S and g ∈ G e . Let L(T ) denote the line graph of the transposition graph of S. Two transpositions commute iff they have disjoint support. It needs to be shown that the restriction of g to S is an automorphism of L(T ), i.e. that τ, κ have disjoint support iff τ g , κ g have disjoint support. Thus, it suffices to show that τ κ = κτ iff τ g κ g = κ g τ g . By Lemma 3.1, τ κ = κτ iff there is a unique 4-cycle in Cay(S n , S) containing e, τ and κ, which is the case iff there is a unique 4-cycle in Cay(S n , S) containing e, τ g and κ g , which is the case iff τ g κ g = κ g τ g .
Proposition 3.4. Let S be a set of transpositions generating S n , and let T = T (S) denote the transposition graph of S and L(T ) denote its line graph. Let G := Aut(Cay(S n , S)).
Then the restriction map from G e to Aut(L(T )) defined by g → g| S is surjective.
Proof : Let h ∈ Aut(L(T )). Then h ∈ Sym(S) since the vertices of L(T ) correspond to the transpositions in S. We show that there exists an element g ∈ G e whose action on S is identical to that of h. By Whitney's Theorem 2.1, there is an automorphism h ′ ∈ Aut(T ) that induces h. Now h ′ is a permutation in S n . Let g denote conjugation by h ′ . Thus, g ∈ Aut(S n ). Since h ′ is an automorphism of T , it fixes the edge set S of T . Hence conjugation by h ′ also fixes S, i.e., g ∈ Aut(S n , S). Since Aut(S n , S) ⊆ G e , g ∈ G e . It is clear that g| S equals h. For example, if h takes {i, j} to {m, ℓ}, then there exists an h ′ ∈ S n that takes {i, j} to {i h ′ , j h ′ } = {m, ℓ}. Then g takes (i, j) ∈ S to (m, ℓ) ∈ S. Thus, g| S and h induce the same permutation of S, which implies the given restriction map is surjective.
Theorem 3.5. Let S be a set of transpositions generating S n (n ≥ 5). Let L e denote the set of automorphisms of the Cayley graph Cay(S n , S) that fixes the vertex e and each of its neighbors. Then, Cay(S n , S) is normal if and only if L e = 1.
Proof : ⇐: Consider the map f from the domain G e , defined to be the restriction map g → g| S . By Proposition 3.3, f is into Aut(L(T )). The kernel of the map f : G e → Aut(L(T )) is the set of elements in G e that fixes each element in S and hence equals L e . Since L e = 1, f is injective. By Proposition 3.4, f is surjective. The restriction map is also a homomorphism. Hence f is an isomorphism. Thus, |G e | = | Aut(L(T ))|. By Whitney's Theorem 2.1, the transposition graph T and its line graph L(T ) have isomorphic automorphism groups. Thus, |G e | = | Aut(T )|. By Theorem 2.2, Aut(T ) ∼ = Aut(S n , S). Thus, G e = Aut(S n , S), which implies Cay(S n , S) is normal.
⇒: If Cay(S n , S) is normal, then G e = Aut(S n , S) (cf. [12] ). Once again, by Theorem 2.1 and Theorem 2.2, |G e | = | Aut(L(T ))|. Also, the map f : G e → Aut(L(T )), g → g| S is surjective by Proposition 3.4. Thus, f is also injective and therefore its kernel L e = 1.
4 Non-normality of the complete transposition graph Proposition 4.1. Let S be the set of all transpositions in S n (n ≥ 3). Then, the map α → α −1 is an automorphism of the complete transposition graph Cay(S n , S).
Proof : Let G denote the automorphism group of the Cayley graph Cay(S n , S) and let e denote the identity element in S n . The Cayley graph Cay(S n , S) is normal if and only if the stabilizer G e ⊆ Aut(S n ) (cf. Xu [12, Proposition 1.5]). Thus, to prove that Cay(S n , S) is not normal, it suffices to show that G e contains an element which is not a homomorphism from S n to itself. Consider the map α → α −1 from S n to itself. Since n ≥ 3, S n is nonabelian, whence the map α → α −1 is not a homomorphism. It suffices to show that the map α → α −1 is an automorphism of the Cayley graph Cay(S n , S).
Let α and β be two adjacent vertices in the graph Cay(S n , S). Then α and β differ by a transposition, i.e. there is some i = j such that β = (i, j)g. We shall prove that α −1 and β −1 also differ by a transposition; since the set S contains all transpositions in S n , it follows that α −1 and β −1 are also adjacent vertices in Cay(S n , S).
Two cases arise, depending on whether i and j are in the same cycle of α or in different cycles of α. Suppose i and j are in the same cycle of α, say α = (α 1 , . . . , α r , i, β 1 Suppose i and j are in different cycles of α, say α = (α 1 , . . . , α r , i)(β 1 , . . . , β s , j) · · · and β = (i, j)α. Then i and j are in the same cycle of β and (i, j)β = α. By the argument in the previous paragraph applied to β instead of α, it follows that β −1 and α −1 are adjacent vertices in Cay(S n , S).
We have shown that if α and β are adjacent vertices, then so are α −1 and β −1 . It follows that if α −1 and β −1 are adjacent vertices, then so are (α −1 ) −1 = α and (β −1 ) −1 = β. Hence, α → α −1 is an automorphism of the Cayley graph Cay(S n , S). Theorem 4.2. Let S be the set of all transpositions in S n (n ≥ 3). Then
where R(S n ) is the right regular representation of S n , Inn(S n ) is the inner automorphism group of S n , and Z 2 = h , and h is the map α → α −1 .
Proof : Let G := Aut(Cay(S n , S)) denote the automorphism group of the complete transposition graph. Since R(S n ) and Aut(S n , S) are automorphisms of the Cayley graph (cf.
[1]), we have G ⊇ R(S n ) ⋊ Aut(S n , S). Also, S is a nonempty set of transpositions, so by Theorem 2.3 every element in Aut(S n , S) is an inner automorphism of S n . In fact, the elements in Aut(S n , S) are exactly conjugations by the automorphisms of the transposition graph of S (cf. Theorem 2.2 and [4] ). The transposition graph of S is complete, hence Aut(S n , S) = Inn(S n ) ∼ = S n .
By Proposition 4.1 the map (h : α → α −1 ) is in G. We show that h / ∈ R(S n ) ⋊ Inn(S n ). By way of contradiction, suppose h ∈ R(S n )⋊Inn(S n ). Then h = ab for some a ∈ R(S n ), b ∈ Inn(S n ). Hence e h = e −1 = e, and e ab = e. Since b ∈ Inn(S n ), b fixes e. Thus e a = a, whence a = 1. Thus, h = ab = b ∈ Inn(S n ), which is a contradiction since the map h : α → α −1 is not a homomorphism.
Thus G contains H := (R(S n ) ⋊ Inn(S n )) ⋊ Z 2 , where Z 2 := h and R(S n ) ⋊ Inn(S n ) has index 2 in H and hence is a normal subgroup in H.
This implies that the complete transposition graph Cay(S n , S) has at least 2(n!) 2 automorphisms, for all n ≥ 3. Theorem 4.3. Let S be the set of all transpositions in S n (n ≥ 3). Then the complete transposition graph Cay(S n , S) is not normal.
First proof : By Proposition 4.1, the inverse map h : α → α −1 is an automorphism of the Cayley graph Cay(S n , S). The map h fixes the vertex e and also fixes each transposition (i, j) ∈ S. Thus, h ∈ L e . Since n ≥ 3, ∃α ∈ S n such that α = α −1 . Thus h is not the trivial map and L e > 1. If n = 3 or n = 4, it can be confirmed through computer simulations that R(S n ) is not a normal subgroup of the automorphism group of Cay(S n , S); hence Cay(S n , S) is not normal in these cases. If n ≥ 5, then Theorem 3.5 applies and again Cay(S n , S) is not normal.
Second proof : Alternatively, Theorem 4.2 provides a second proof that the complete transposition graph is not normal: a normal Cayley graph Cay(S n , S) has the smallest possible full automorphism group R(S n ) ⋊ Aut(S n , S), whereas by Theorem 4.2 the complete transposition graph has an automorphism group that is strictly larger. Hence the complete transposition graph is not normal.
Let S be a set of transpositions generating S n (n ≥ 3). The only Cayley graphs Cay(S n , S) known so far to be non-normal are those arising from the 4-cycle transposition graph and from the transposition graphs that are complete.
Automorphism group of the complete transposition graph
Let S be the set of all transpositions in S n . In the previous section a set of 2(n!) 2 automorphisms were exhibited for the complete transposition graph Cay(S n , S). In this section, it is proved that the complete transposition graph has no other automorphisms, which implies that the subgroup given in Theorem 4.2 is in fact the full automorphism group. Theorem 5.1. Let S be the set of all transpositions in S n and let X be the complete transposition graph Cay(S n , S). Let L e (X) denote the set of automorphisms of X that fixes the vertex e and each of its neighbors. Then L e (X) = {1, h}, where h :
Proof : By Proposition 4.1, L e ⊇ {1, h}. We need to show that L e has no other elements.
The vertex e of X corresponding to the identity element in S n has as its neighbors the set S of all transpositions in S n . Suppose g is an automorphism of X that fixes the vertex e and each vertex in S; so g ∈ L e (X). Then the set of common neighbors of the three vertices (1, 2), (2, 3) and (1, 3) in S, namely the set ∆ := { (1, 2, 3 ), (1, 3, 2)}, is a fixed block of g. We show that the action of L e := L e (X) on ∆ uniquely determines its action on all the remaining vertices, i.e. that if g ∈ L e fixes ∆ pointwise, then g = 1, and if g interchanges (1, 2, 3) and (1, 3, 2) , then g extends uniquely to the automorphism α → α −1 of X.
Suppose g ∈ L e and g fixes ∆ = {α, α −1 } pointwise, where α = (1, 2, 3). Let β = (2, 3, 4). We show g fixes {β, β −1 } also pointwise. Given any vertex γ ∈ V (X) that is a 3-cycle permutation (so the distance in X between γ and e is 2), let W γ be the set of neighbors of γ that have distance 3 to e in X (see Figure 1) .
We claim that 
Figure 1: Distance partition of the Cayley graph Cay(S n , S)
are two solutions (1, 4) and (3, 4) for
Since g is an automorphism of X, it preserves the number of common neighbors of any two vertices. Thus, if g fixes α and α −1 , by the result in the previous paragraph, g also fixes β and β −1 . More generally, if g fixes vertex (j, k, i), then g also fixes (j, k, ℓ) for each ℓ = j, k, i. Repeating this process, we see that g fixes all vertices that are 3-cycles in S n . The only other vertices having distance 2 to e in X are those permutations that are a product of two disjoint transpositions, and each of these vertices are also fixed by g by Lemma 3.1.
Thus, if g ∈ L e (X) fixes vertex (1, 2, 3), then g fixes each vertex that has distance 2 to e. Let X r (e) denote the set of vertices that have distance r to e. We have that g fixes X 0 (e) and X 1 (e) pointwise since g ∈ L e , and it was just shown that if g fixes (1, 2, 3) ∈ X 2 (e), then g also fixes X 2 (e) pointwise. Since g is an automorphism, it maps the neighbors of a vertex α to the neighbors of α g . But by the next proposition (Proposition 5.2), any two distinct vertices in X k (e) (k ≥ 3) have a different set of neighbors in X k−1 (e). Thus, if g fixes X k−1 (e) pointwise, then g also fixes X k (e) pointwise. By induction on k, g is the trivial automorphism.
If g ∈ L e interchanges (1, 2, 3) and (1, 3, 2) , and h is the map α → α −1 , then gh = 1 by the previous paragraph, whence
In the proof above, we used the following result: Proposition 5.2. Let n ≥ 5 and let X = Cay(S n , S) be the complete transposition graph. Let α and β be distinct vertices in X k (e) (k ≥ 3). Then the set of neighbors of α in X k−1 (e) and of β in X k−1 (e) are not equal.
Proof : Each permutation in X k (e) can be written as a product of k transpositions, and since the length of this product is minimal, the edges of the transposition graph of S corresponding to these k transpositions form a forest.
Let α, β ∈ X k (e). If the support of α and of β are not equal, then they clearly have different sets of neighbors in X k−1 (e) because some transposition in a forest that yielded Proof : Let G := Aut(Cay(S n , S)). The upper bound is verified to be exact if n = 3, 4 by computer simulations. If n ≥ 5, by Lemma 3.3, every element in G e , when restricted to S, is an automorphism of the line graph of the transposition graph of S. The transposition graph is complete, and hence its line graph has automorphism group isomorphic to S n (cf. Theorem 2.1). Hence |G e | ≤ |S n | |L e |. Also, |L e | = 2, hence |G e | ≤ 2(n!). Thus |G| = |V (X)| |G e | ≤ n!(2n!).
By Corollary 5.3, subgroup given in Theorem 4.2 is in fact the full automorphism group:
Corollary 5.4. Let S be the set of all transpositions in S n (n ≥ 3). Then, the automorphism group of the complete transposition graph Cay(S n , S) is Aut(Cay(S n , S)) = (R(S n ) ⋊ Inn(S n )) ⋊ Z 2 ,
where R(S n ) is the right regular representation of S n , Inn(S n ) is the inner automorphism group of S n , and Z 2 = h , where h is the map α → α −1 .
